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A B S T R A C T
Non-prismatic beams are widely employed in several engineering fields, e.g., wind turbines, rotor blades,
aircraft wings, and arched bridges. While analytical solutions for variable cross-section beams are desirable, a
model describing all stress components for beams with general variation of their cross-section under generalised
loading remains an open and important problem to solve. To partly address this issue, we propose an analytical
solution for stress recovery of untwisted, asymmetric, non-prismatic beams with smooth and continuous
taper shape under general loading, considering plane stress conditions for isotropic materials undergoing
small strains. The methodology follows Jourawski’s formulation, including the effect of asymmetric variable
cross-section, with internal forces as known variables. We confirm the non-triviality of the stress field of non-
prismatic beams, i.e., the dependency on all internal forces and beam geometry to shear and transverse stress
distributions. As a particular novelty, the new formulation for transverse direct stress includes internal forces
derivatives, resulting in greater accuracy than state-of-the-art models for distributed loading conditions. Also,
closed-form solutions are introduced for non-prismatic and linearly tapered, generally asymmetric beams, both
with rectangular cross-sections. For validation purposes, we consider three different practical beam models:
a symmetric and an asymmetric, both linearly tapered, and an arched beam. The results, checked against
commercial finite element analysis, show that the proposed model predicts the stress-field of non-prismatic
beams under distributed loads with good levels of accuracy. Traction-free boundary condition requirements
are naturally satisfied on the beam surfaces.1. Introduction
Non-prismatic beams belong to a specific category of slender struc-
tures, widely employed as primary structural elements in numerous
applications, including wind turbine blades, aircraft wings, helicopter
rotor blades, and arches used in bridges. To optimise structures, en-
gineers can tailor stiffness properties by modifying the distribution of
cross-sectional area according to the design requirements, resulting in
higher stiffness-to-mass ratios and savings in manufacturing costs (Tim-
oshenko and Young, 1965). Due to these benefits, non-prismatic beams
are gaining increasing attention from both academia and industry,
somewhat driven by design freedoms brought about by advances in
additive manufacturing such as 3D printing. However, a more complex
stress field arises in non-prismatic beams (Vu-Quoc and Léger, 1992).
In particular, the shear stress depends on all internal forces and beam
geometry. Recent investigations do not address the complexity of the
stress-field in non-prismatic beams and limit their study to specific
shapes of beams or loading conditions, such as linear cross-sectional
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variation (Yildiz et al., 2020; Wong et al., 2019; Trahair and Ansourian,
2016) and concentrated loads (Yildiz et al., 2020). Hence, the develop-
ment of an efficient analytical formulation accounting for general taper
shapes and arbitrary loading is essential for exploiting the full potential
of non-prismatic beams.
Bleich (Bleich, 1932) appears to be the first researcher to investigate
the shear stress distribution in linearly tapered beams subject to con-
centrated loads. Based on Jourawski’s formulation (Jourawski, 1856),
he formulated expressions for symmetric beams with a linear variation
of the cross-section, concluding that all internal forces and taper shape
contribute to the shear stress distribution, a feature referred as non-
triviality of stress-field. Subsequently, using the theory of elasticity,
stresses were recovered in an infinite wedge: Michell (Michell, 1900)
presented a solution for a concentrated load on the vertex of a wedge el-
ement, and Carothers (Carothers, 1914) extended Michell’s formulation
to include couple loading. Additionally, Timoshenko and Goodier (Tim-
oshenko and Goodier, 1951) proposed solutions for different load casesvailable online 24 April 2021
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𝛼(𝑥), 𝛽(𝑥) Taper angles of the upper and lower beam
surfaces, respectively (◦)
?̄?(𝑥), 𝛽(𝑥) Abbreviation for the tangent of the upper
and lower taper angles, respectively (-)
?̄?(𝑥), 𝐴∗(𝑥) Lower and upper sub-domains of the cross-
sectional areas separated by the plane ?⃗?,
respectively (m2)
𝛥 Vertical distance of the lower surface of
the arched beam example at the midsection
(mm)
𝛥𝜎𝑧𝑧 Absolute difference between the transverse
direct stress of different analytical models
(Pa)
𝜖 Discrepancy between results of different
formulations (%)
𝜁 Isoparametric coordinate in 𝑧-direction (−)
𝛾 Ratio between the height of the free and
fixed ends for the linearly tapered beam
example (-)
𝛤𝑖 Vector containing terms of the equilibrium
of internal forces (N (𝑖 < 3) - Nm (𝑖 = 3) -
N∕m (𝑖 > 3))
𝜈 Poisson’s ratio (-)
𝜔(𝑥), 𝜆(𝑥) Coefficients necessary to define the trans-
verse direct stress ((-) - m−1)
𝛷(𝑥) Ratio between the second moment of areas
?̄?(𝑥) and 𝐴(𝑥), both parallel to the 𝑦-axis (-)
𝜙(𝑥) Ratio between first moment of area ?̄?(𝑥)
and second moment of area 𝐴(𝑥), both
parallel to 𝑦-axis (m−1)
𝜎𝑖𝑗 Stress tensor (Pa)
𝜏𝑚 Maximum shear stress (MPa)
?⃗? Unit vector normal to the plane intersect-
ing an infinitesimal non-prismatic beam
segment (−)
𝐴(𝑥) Cross-sectional area (m2)
𝑎(𝑥), 𝑏(𝑥) Upper and lower surfaces of a non-
prismatic beam with a rectangular
cross-section, respectively (m)
𝑐𝑖(𝑥) Distance in 𝑖-direction between reference
system and beam’s centroid (m)
𝐸 Young’s modulus (Pa)
𝐹𝑖 Component of the external load in 𝑖-
direction (N∕m3)
𝐻0,𝐻𝑓 Height of the beam at the fixed and free
ends, respectively (m)
𝐼𝐶𝑖 (𝑥) Second moment of area of the cross-section
with respect to the centroid in 𝑖-direction
(m4)
𝐿 Length of the beam (m)
𝑀(𝑥) Internal bending moment (Nm)
𝑚(𝑥) Distributed bending load (Nm∕m)
in semi-infinite plane wedges. Subsequently, Krahula (Krahula, 1975)
suggested closed-form equations for truncated tapered beams. Further
investigations offered stress recovery for symmetric truncated wedges
with I-shape thin-walled cross-sections (Blodgett, 1966; Vu-Quoc and
Léger, 1992; Trahair and Ansourian, 2016; Balduzzi et al., 2017a).2
𝑁(𝑥), 𝑉 (𝑥) Normal and shear internal forces (N)
𝑂𝑥′𝑦′𝑧′ Local Cartesian coordinate system with the
𝑧′-axis parallel to ?⃗? (-)
𝑂𝑥𝑦𝑧 Cartesian coordinate system (-)





(𝑥) Geometric coefficients necessary to define
the transverse direct stress field in general
shape non-prismatic, and linearly tapered,
beams, respectively, both with a rectangular
cross-section (m−(𝑗+1) (𝑖 < 3) - m−(𝑗+2) (𝑖 = 3)
- m−𝑗 (𝑖 > 3))
𝑆𝑦(𝑥) First moment of area ?̄?(𝑥) parallel to 𝑦-axis
(m3)
𝑡 Chord formed by intersection of plane ?⃗? and
a segment of non-prismatic beam (m)
𝑇 𝑗𝑖 (𝑥), 𝑇
𝑗
𝑖𝐿
(𝑥) Geometric coefficients necessary to define
the shear stress field in general shape
non-prismatic, and linearly tapered, beams,
respectively, both with a rectangular cross-
section (m−(𝑗+1) (𝑖 < 3) - m−(𝑗+2) (𝑖 =
3))
𝑤, ℎ(𝑥) Width and height of non-prismatic beams
with rectangular cross-section, respectively
(m)
All of these works, as initially proposed by Navier, hypothesise a
linear distribution of the longitudinal stress field through the thickness
for beams under pure bending, noting Boley (Boley, 1963) challenged
the validity of this assumption. His formulation, based on Airy’s stress
potential, showed that the associated error escalates with the taper
angle, i.e., the angle between the local tangent plane to the beam
surface and the longitudinal axis. More specifically, he predicted an
error up to 7.5% for taper angles of 10◦.
Further relevant analytical approaches for non-prismatic beams in-
clude Fertis and Keene (1990), who derived a non-prismatic beam
model with elastic and inelastic material properties by manipulating
Euler–Bernoulli ordinary differential equations. Romano and Zingone
(1992) developed closed-form solutions to capture displacements for up
to quadratically-tapered Euler beams under specific loading conditions.
Later, Romano (1996) proposed a shear stress distribution for linearly
tapered beams using Timoshenko theory. Al-Gahtani and Khan (1998)
derived a boundary integral method to model Euler–Bernoulli beams
with variable cross-section and general boundary conditions. Hodges
et al. (2008, 2011) modelled linearly tapered beams using a variational
asymptotic method capable of recovering stresses, strains, and displace-
ments under extension, in-plane bending, and shear. Concurrently, Gi-
mena et al. (2008a) developed an analytical formulation for 3D curved
beam elements. Beltempo et al. (2015) proposed an energy-based ap-
proach via the Hellinger–Reissner principle for general non-prismatic
beams, and most recently, Mercuri et al. (2020) suggested a new
transverse direct stress distribution, also using the Hellinger–Reissner
principle. Balduzzi et al. (2016) derived a Timoshenko-like model for
non-prismatic beams able to compute stresses and deformations for
small to moderately tapered beams (up to 15◦). Later, the same method-
ology was extended to laminated media (Balduzzi et al., 2018). Zhou
et al. (2016, 2020) recovered the shear stress for asymmetric linearly
tapered beams with box girder and rectangular cross-sections, respec-
tively. Ai and Weaver (2017) proposed a Ritz method for tapered
sandwich beams with variable elastic properties adopting a layer-
wise displacement field. Taglialegne (2018) and Bertolini et al. (2019)
developed an analytical model for the stress field of symmetric lin-
early tapered thin-walled beams, and Bertolini and Taglialegne (2020)















included taper in the width direction to the former methodology.
Additionally, Wong et al. (2019) minimised the potential energy of
a symmetric cantilevered linearly tapered Timoshenko beam under
transverse and couple loading.
It is also worth discussing numerical procedures concerning non-
prismatic beams. Murín and Kutiš (2002) proposed a finite element
method to compute the stiffness matrix for 3D variable cross-section
beam elements. Later, Gimena et al. (2008b) derived a solution for
3D curved beams under generalised loads based on the fourth-order
Runge–Kutta numerical procedure. Balduzzi et al. (2017b) proposed
an isogeometric analysis to Timoshenko non-prismatic beams. Later,
Weeger et al. (2018) developed an isogeometric method to model non-
linear 3D non-prismatic beams with variable stiffness. In the context of
variable stiffness, Masjedi et al. (2019) derived a Chebyshev colloca-
tion method to model functionally graded porous beams, and Masjedi
and Weaver (2020a,b) proposed semi-analytical solutions for compos-
ite beams with variable material stiffness. Subsequently, Patni et al.
(2020) developed a Unified Formulation based on Serendipity Lagrange
Expansions to capture 3D stress field in curved beam-like structures.
The analytical formulations concerning non-prismatic beams in the
literature compromise accuracy and applicability for the sake of mod-
elling simplicity. The models proposed by (Balduzzi et al., 2017a;
Taglialegne, 2018; Bertolini et al., 2019; Bertolini and Taglialegne,
2020; Wong et al., 2019) and Bruhns (2003) do not consider arbi-
trary loading conditions or only account for symmetrically tapered
beams. Balduzzi et al. (2018) address asymmetric non-prismatic beams,
but neglect beam eccentricity during derivation of shear stress, al-
though considered variable centre-line effects during the kinematical
description and equilibrium equations. Conversely, Zhou et al. (2016)
recover the shear stress considering beam eccentricity, however the
formulation is limited to linearly asymmetric tapered beams. Another
restriction is the neglect of the transverse direct stress (Balduzzi et al.,
2016, 2018; Zhou et al., 2016; Balduzzi et al., 2017b), which prac-
titioners tend to ignore, claiming that the magnitude is irrelevant
when compared to other stress components. However, the transverse
direct stress could be pronounced in some applications, especially for
moderate taper angles, not to mention that disregarding the stress
component violates through-thickness equilibrium due to traction-free
boundary requirements (Balduzzi et al., 2016). More recently, Mercuri
et al. (2020) proposed a formulation that accounts for transverse direct
stresses, but ignores essential terms related to the derivatives of the
internal forces, leading to an inconsistent recovery of the Cauchy-stress
stress field for distributed load cases.
All these restrictions in the state-of-the-art literature are addressed
and remedied in the current work. To account for an asymmetric shape
in beams, we include the centroidal coordinate in the stress field’s
derivation, following Boley’s methodology (Boley, 1963). Additionally,
we recover all terms involved in the transverse direct stress field
arising from equilibrium considerations, resulting in a consistent stress
distribution with traction-free boundary conditions being naturally
satisfied without the need to invoke other hypotheses. Furthermore,
the current work is not limited to a specific taper shape in the height
direction or loading condition, and it accounts for beam eccentricity.
The proposed problem could be addressed by 3D Theory of Elasticity
models (Rezaiee-Pajand and Karimipour, 2020a, 2019, 2020b,c). Still,
the current formulation is simpler and more informative from the
perspective that it is possible to correlate beam-like geometric features
to stress prediction. Thus, the methodology presented in this paper
provides an accurate stress field for practical applications of non-
prismatic beam problems, accounting for the presence of distributed
loads.
As such, we introduce an analytical solution to recover the stress
distribution for untwisted, generally asymmetric, non-prismatic beams
tapered in the height direction. It is assumed the internal forces are
known variables, as determined for example, but not necessarily by,3
statically determinate beam models, noting that the current method-
ology is indifferent to the method that evaluates internal forces. The
material is considered homogeneous, isotropic, and linear-elastic un-
dergoing small strains under a state of 2D plane stress. The longitudinal
stress field is approximated according to Navier’s hypothesis. Sub-
sequently, the transverse stresses are derived following Jourawski’s
formulation (Jourawski, 1856), noting that the stress field is recovered
from Newton’s Law, and no deformation analysis is performed. Hence
the current methodology is denoted as Non-prismatic Jourawski’s For-
mulation (NJF). Furthermore, we account for all terms during the
derivation of the transverse direct stress component. The proposed
formulation assumes general in-plane loading conditions, including
non-uniform distributed loads, considering a smooth and continuous
taper shape. It is relevant to mention that non-uniform loads are typical
in engineering applications, such as aeroelastic loads acting on aircraft
wings (Doeva et al., 2020a), or tapered beams, in general, subject
to volume-dependent forces. Additionally, closed-form solutions are
presented for asymmetric non-prismatic beams with rectangular cross-
sections and their simplification for asymmetric linearly tapered beams
to give insight into specific applications.
The outline of this paper is as follows: In Section 2 the equilib-
rium equations are presented, and the hypotheses and limitations are
discussed. Section 3 concerns the analytical formulation for the shear
and transverse direct stresses. Later, in Section 4, closed-form solutions
are introduced for non-prismatic beams with rectangular cross-sections
tapered in the height direction, including the particular case of linearly
tapered beams. Section 5 applies NJF to numerical examples, compar-
ing the results to other methods. Finally, Section 6 summarises the
novelties of the proposed method with relevant remarks and potential
future developments.
2. Equilibrium equations
Consider an infinitesimal non-prismatic beam segment with generic
cross-sectional area 𝐴(𝑥) and an uniquely defined, smooth and contin-
uous function 𝑐𝑧(𝑥) representing the distance between beam centroid







The adopted description implies in cross-sections non-orthogonal
o the centre-line. Instead, orthogonality is preserved with respect to
he global coordinate system; the same convention adopted in related
orks (Balduzzi et al., 2016; Gimena et al., 2008a; Rajagopal and
odges, 2014; Balduzzi et al., 2017b, 2018, 2017c; Mercuri et al.,
020). To preserve the generality of the current methodology, cross-
ectional shape is deliberately left undefined in this section. During
eduction of closed-form solutions in Section 4, specific definitions
f cross-sectional properties are presented for the particular case of
ectangular cross-sections.
A state of plane stress (𝑥𝑧 plane), without warping effects, is as-
umed. The material is isotropic, linear elastic, and the cross-section
emains plane after small-strain deformation. The representative beam
egment of Fig. 1 is subject to generalised external loads and internal
orces, defined as follows
(𝑥) = ∬𝐴(𝑥)
𝐹𝑥d𝐴 ; 𝑞(𝑥) = ∬𝐴(𝑥)




𝜎𝑥𝑥d𝐴 ; 𝑉 (𝑥) = ∬𝐴(𝑥)
𝜏𝑥𝑧d𝐴 ; 𝑀(𝑥) = ∬𝐴(𝑥)
𝜎𝑥𝑥(𝑐𝑧(𝑥) − 𝑧)d𝐴
(2.2b)
where 𝑝(𝑥) and 𝑞(𝑥) are through-the-cross-section generalisation of
loads 𝐹𝑥(𝑥, 𝑦, 𝑧) and 𝐹𝑧(𝑥, 𝑦, 𝑧), respectively, and 𝑚(𝑥) a distributed
European Journal of Mechanics / A Solids 90 (2021) 104284M.M.S. Vilar et al.Fig. 1. (a) Generalised external loads and internal forces acting on an infinitesimal non-prismatic beam segment; (b) Generic cross-section.bending load. 𝑁(𝑥), 𝑉 (𝑥), and 𝑀(𝑥) are the generalised normal and
shear forces and internal bending moment, respectively, all known
variables.
The internal forces vary linearly through an infinitesimal beam
element and in doing so balance the external loads. As such, the equi-
librium equations according to Timoshenko adapted to non-prismatic
beams are given by
d𝑁
d𝑥
= −𝑝(𝑥) ; d𝑉
d𝑥






Apart from the term 𝑁(𝑥)𝑐′𝑧(𝑥), the moment induced by the gen-
eralised normal stress due to beam eccentricity, Eq. (2.3) is the same
as that for classical equilibrium of beam theories (e.g. see Bertolini
et al., 2019; Bertolini and Taglialegne, 2020; Doeva et al., 2020b).
This non-classical term arises due to adoption of global Cartesian
reference system, being potentially significant for axially loaded beams,
especially for those with a higher degree of asymmetry (Balduzzi
et al., 2016). Note that beam eccentricity is implicit in the equilibrium
equations of curvilinear beam models such as (Gimena et al., 2008b;
Masjedi and Ovesy, 2015a,b) since the centre-line is orthogonal to the
cross-section.
It is assumed that the longitudinal stress varies linearly through









where 𝐼𝐶𝑦 (𝑥) is the second moment of area of the cross-section par-
allel to the 𝑦-axis, with respect to the centroid. No further assump-
tions regarding the displacements or cross-sectional deformation are
made, apart from that involved in the adopted longitudinal stress field,
which assumes that cross-sections remain plane after deformation, but
not necessarily perpendicular to the longitudinal axis, suiting both
Euler–Bernoulli and Timoshenko beam theories.
According to Boley (1963), Eq. (2.4) is a reasonable approximation
for beams with small to moderate taper angles. Although regarded
as a limitation of the current work, there are several applications of
non-prismatic structures with relatively minor variations of the cross-
section along the longitudinal axis. An example is the 10MW wind
turbine blade modelled by (Taglialegne, 2018), where the maximum
taper angle is 5.96◦, which represents its transition from being circular
at its root to an aerofoil at approximately 15% of its span.
The choice of the reference system affects the accuracy of Eq. (2.4).
More specifically, while a translation of the reference system does not
influence solution accuracy because 𝑐𝑧(𝑥) is constant over the cross-
section, a rotation, however, does. The evaluation of the taper angle
depends on the longitudinal axis; thus, a rotation of the reference4
system may result in a greater magnitude of taper angles, reducing
the accuracy of Navier’s approximation for the longitudinal stress field.
Further information concerning the error associated with the choice of
the reference system is reported in Boley (1963) and Balduzzi et al.
(2016).
3. Stress distribution
In this section, new expressions for the transverse stress compo-
nents are derived for generally asymmetric non-prismatic beams. The
methodology extends Jourawski’s formulation (Jourawski, 1856) to
include variation of the cross-section along an infinitesimal beam el-
ement.
3.1. Extended shear stress
Consider the equilibrium on the longitudinal direction of the in-
finitesimal non-prismatic beam of Fig. 2. The beam segment is sectioned
by an arbitrary plane defined by ?⃗?, a normal unit vector parallel to
the 𝑧′-axis, forming the chord 𝑡. The local reference system 𝑂𝑥′𝑦′𝑧′
is introduced such to preserve generality of the current method while
facilitating the model derivation. More precisely, the local reference
is a rotation of the global one on the 𝑦𝑧-plane, meaning the 𝑥′-axis is
parallel to the 𝑥-axis. Thus, the definition of the longitudinal-dependent
variables introduced in Section 2 remain the same after the adoption
of the local system (apart from the centroid distance, which is now
referred to the 𝑧′-axis with notation 𝑐𝑧′ (𝑥′)). As such, the cross-sectional
area is subdivided into two sub-domains: ?̄?(𝑥′) below the plane ?⃗?, and
𝐴∗(𝑥′) above it.
The shear stress profile is obtained by enforcing equilibrium of stress


















d𝐴d𝑥′ = 0 (3.1)
noting the second term is the net value of the longitudinal stress
resultant acting on the cross-sections ?̄?(𝑥′) and ?̄?(𝑥′ +d𝑥′), considering
the approximation ?̄?(𝑥′ + d𝑥′) = 𝐴(𝑥′) + d?̄? and higher-order infinites-
imal terms neglected (more information on this subject can be found
in Taglialegne, 2018)
We highlight that Eq. (3.1) is valid for a general state of stress.
Although, it is assumed that the 𝑥′𝑧′-plane is under plane stress con-
dition to neglect variation of stresses in the 𝑦′-direction, enabling
direct integration of the shear stress profile (first term of Eq. (3.1)).
European Journal of Mechanics / A Solids 90 (2021) 104284M.M.S. Vilar et al.Fig. 2. (a) Stresses in horizontal direction acting on an infinitesimal non-prismatic beam length intersected by an arbitrary plane normal to ?⃗?; (b) Cross-section A–A.Fig. 3. (a) Stresses in the 𝑧′-direction acting on an infinitesimal non-prismatic beam length intersected by the arbitrary plane normal to ?⃗?; (b) Cross-section B–B.This hypothesis, however, is not accurate for beams tapered in the
𝑦′-direction. Nevertheless, the plane stress hypothesis is a reasonable
assumption for several applications, as further discussed in Section 4.
Substituting Eq. (2.4) into Eq. (3.1), recalling the equilibrium and
generalised stresses (Eqs. (2.2) and (2.3)) and considering adoption
of 𝑂𝑥′𝑦′𝑧′, results in a new expression for the shear stress profile

























𝑐𝑧′ ?̄? − 𝑆𝑦′
𝐼𝐶𝑦′
; 𝑆𝑦′ = ∬?̄?(𝑥′)
𝑧′d𝐴 (3.3)
where 𝑆𝑦′ is the first moment of area parallel to the 𝑦′-axis with respect
to an arbitrary 𝑧′-coordinate, and 𝜙(𝑥′) is an assemble of terms as a
result of the second term of Eq. (3.1) for the sake of simplicity.
There is no restriction regarding the cross-sectional shape or taper
profile in the 𝑧′-direction, and Eq. (3.2) accounts for arbitrary loads, as
long as the limitations discussed in Section 2 (smooth beam geometry
and small/moderate taper angle). The specific case of symmetric beams
(𝑐𝑧′ (𝑥′) = 0) restores the shear stress suggested by Bertolini et al.
(2019), and by restricting to linear taper reduces Eq. (3.2) to the shear
profile predicted by Zhou et al. (2016).
The non-triviality of the shear stress profile given by Eq. (3.2)
is notable; this stress component depends on all internal forces and
taper shape, as reported in several investigations (Vu-Quoc and Léger,
1992; Hodges et al., 2011; Balduzzi et al., 2016, 2018, 2017b; Bruhns,
2003). We highlight that the term involving 𝑉 (𝑥′) of Eq. (3.2) is5
equivalent to the expression to predict shear stress in prismatic beams.
The numerator of 𝜙(𝑥′) can be regarded as the first moment of area
?̄?(𝑥′) with respect to the centre-line, irrespective of the value of 𝑐𝑧′ (𝑥′).
This observation suggests that the Jourawski’s formulation is part of
the solution for shear stress in non-prismatic beams.
The additional terms raised by non-triviality of the shear stress
(those related to the 𝑁(𝑥′) and 𝑀(𝑥′)) are self-equilibrating, meaning
their resultants along the cross-section are zero. Thus, the shear force
definition expressed in Eq. (2.2b) is conserved, as proven by Zhou et al.
(2016, 2020) using different methods; further details are reported in
their studies.
3.2. Transverse direct stress
Here a new expression for the transverse direct stress component
is derived. The methodology follows that presented in Section 3.1, but
the equilibrium of forces in the 𝑧′-direction is enforced, as illustrated
in Fig. 3, assuming the shear stress varies linearly along d𝑥′.



















d𝐴d𝑥′ = 0 (3.4)
Substituting the shear stress of Eq. (3.2) into Eq. (3.4), as well
as invoking the internal forces and generalised loads of Eqs. (2.2)



















































; 𝛷 = 1
𝑡 ∬?̄?(𝑥′ )
𝜙d𝐴 (3.6)
The novel transverse direct stress defined in Eq. (3.5) is more
general and consistent than those presented in the state-of-the-art due
to the presence of derivatives of internal forces. This improvement
allows a more accurate prediction of the transverse direct stress for
beam models with distributed loads, which corresponds to practical
examples in engineering applications. The restrictions of the shear
stress given by Eq. (3.2) also holds for the transverse direct stress,
i.e. smooth cross-sectional variation and small/moderate taper angle.
For prismatic beams, the Jourawski’s formulation predicts that 𝜎𝑧′𝑧′
is defined by a cubic variation proportional to 𝑉 ′(𝑥′). In addition to
the generalised shear stress, all internal forces and its derivatives are
necessary to define the transverse direct stress for non-prismatic shapes.
Conversely, state-of-the-art analytical models (Beltempo et al., 2015;
Mercuri et al., 2020) neglect 𝑁 ′(𝑥′) and 𝑉 ′(𝑥′), notably resulting in
violation of Cauchy-stress equilibrium considerations for cases such
that these derivatives exist (essentially beam models with distributed
load cases). In general, practical engineering applications are subject to
volume-dependent load cases, such as thermal and gravitational forces.
In Fig. 4 the transverse direct stress recovered from the Jourawski
formulation is compared to the 𝑉 ′(𝑥) term of Eq. (3.5) (for this study,
?⃗? is parallel to the 𝑧-axis). A square cross-section under 𝑉 ′(𝑥) = 1
is considered; the abscissa of Fig. 4(b) refers to the beam’s depth in
isoparametric coordinates (-1 refers to the lower surface and +1 the
upper one). Note the peak values at approximately 𝜁 = ±0.557, and van-
ishing stress on both boundaries and centroid. The agreement of plots
depicted in Fig. 4(b) suggests that Eq. (3.5) reduces to the prismatic
solution for cases with no cross-sectional variation. In other words, the
transverse direct stress in non-prismatic beams can be described as a
linear superposition of Jourawski’s solution to prismatic beams to all
terms of Eq. (3.5) involving cross-sectional variation.
The proposed transverse direct stress distribution can model asym-
metric non-prismatic beams with smooth and continuous taper shape
subject to general load cases. Overall, it is common practice to dis-
regard this stress component for isotropic beam models, claiming its
magnitude is insignificant compared to other stress components. How-
ever, 𝜎𝑧′𝑧′ is more pronounced in non-prismatic beams than in prismatic
geometries. Hence, engineers should investigate the necessity of a
complete 2D stress analysis for design purposes. Furthermore, the6
neglect of transverse direct stress violates the traction-free boundary
requirement (Balduzzi et al., 2016) that is satisfied in current work.
4. Closed-form solutions
To give insight into specific applications of the proposed analytical
stress field, we introduce the closed-form solutions for beams with
rectangular cross-sections generally tapered in the height direction.
First, the analytical stresses deduced in Section 3 are applied to non-
prismatic beams with a rectangular cross-section, and then for the
specific case of asymmetric linearly tapered beams in Section 4.2.
For the adopted cross-sectional configuration, it is convenient to set
?⃗? parallel to 𝑧-axis so that the local reference system coincides to the
global (𝑂𝑥′𝑦′𝑧′ = 𝑂𝑥𝑦𝑧).
4.1. Non-prismatic beams with rectangular cross-section
Consider the generally asymmetric, non-prismatic beam illustrated
in Fig. 5. The width 𝑤 is constant and the height ℎ(𝑥) varies spanwise,
with upper and lower surfaces defined as 𝑎(𝑥) and 𝑏(𝑥), respectively.
The beam’s length 𝐿 is assumed to be of one order of magnitude greater
than the cross-sectional dimensions. Note that one can fix the origin of
the global reference system at an arbitrary point in space.
The centreline 𝑐𝑧(𝑥), cross-sectional areas 𝐴(𝑥) and ?̄?(𝑥), as well as
the first and second moment of areas 𝑆𝑦(𝑥) and 𝐼𝐶𝑦 (𝑥) are defined for









(𝑎(𝑥) + 𝑏(𝑥)) ; ℎ(𝑥) = 𝑎(𝑥) − 𝑏(𝑥) ; 𝐴(𝑥) = 𝑤ℎ(𝑥)










note that the 𝑧-coordinate is not considered as an independent vari-
able, but is the fixed vertical coordinate of the plane sectioning the
cross-section.
The proposed geometry is general and able to describe both cases
of curved centre-line and variable cross-section. Compared to classical
curved beam theory, where the Frenet–Serret frame is adopted for
the reference coordinate system (Sokolnikoff and Redheffer, 1958),
the current methodology avoids conditions on the centre-line’s second
derivative. However, it is required that the first derivative of the upper
and lower surfaces exists; hence, 𝑎(𝑥) and 𝑏(𝑥) should be continuous,
smooth, and uniquely defined functions. Consequently, the height and
beam centre-line require the same conditions as they are bounded to
the lower and upper surfaces, resulting in a limitation of the current
approach to model more complex geometries such as semi-circular and
S-shape beams, for instance.
The shear stress distribution given by Eq. (3.2) is presented in
compact form as a linear combination as follows




, 𝑖 = (1, 2, 3) , 𝑗 = (0, 1, 2) (4.2)𝑥𝑧 𝑤 𝑖 𝑖
European Journal of Mechanics / A Solids 90 (2021) 104284M.M.S. Vilar et al.Fig. 5. (a) General geometry of an asymmetric non-prismatic beam; (b) Cross-section A–A.where the coefficients 𝑇 𝑗𝑖 relate internal forces to the 𝑧-coordinate,
the upper index ‘‘𝑗’’ refers to the respective factor of the 𝑗th power
of 𝑧: 0 stands for constant, 1 for linear, and 2 for parabolic. It is
relevant to emphasise that these coefficients are purely geometrical;
their physical meaning can be associated with the geometric properties












The coefficients 𝑇 𝑗𝑖 for non-prismatic beams are presented as

































𝑇 2(𝑉 +𝑚) =
6
ℎ3
; 𝑇 1(𝑉 +𝑚) = −
12
ℎ3


































It is relevant to highlight that the expressions for 𝑇 𝑗𝑖 agree with that
presented in Mercuri et al. (2020). However, their methodology is not
the same and coefficients are expressed differently.
The advantage of expressing the shear stress as reported in Eq. (4.2)
is to acknowledge the contribution of the constant, linear, and parabolic
terms of each internal force and their derivatives. As an example, for
prismatic beams with 𝑐𝑧(𝑥) = 0, all coefficients 𝑇
𝑗
𝑖 vanish except for
𝑇 2(𝑉 +𝑚) and 𝑇
0
(𝑉 +𝑚), which correspond to the parabolic and constant con-
tributions of Jourawski’s formulation. Note that several non-classical
terms, such as 𝑇 2𝑁 , depend on beam eccentricity, whose exclusion may
result in inaccurate predictions of stresses for asymmetric beam models.
It is relevant to mention that the resultant force of the closed form
solution of Eq. (4.2) agrees with 𝑉 (𝑥), i.e. the definition of shear force










𝑧𝑗d𝐴 = 𝑉 (𝑥) (4.5)
Analogous to the shear stress, the compact form of the transverse
direct stress given by Eq. (3.5) is expressed as









, 𝑖 = (1, 2,… , 5, 6) , 𝑗 = (0, 1, 2, 3) (4.6)
where coefficients 𝑆𝑗𝑖 relate internal forces to the 𝑧-coordinate for the
transverse direct stress, noting that ‘‘𝑗 = 3’’ is included to capture the
cubic terms of 𝜎𝑧𝑧. The expressions for 𝛤𝑖𝑆
𝑗
𝑖 are given in Appendix A.
In prismatic beams, all of these coefficients are null for models absent
distributed loads in the 𝑧-direction.
Traction-free boundary condition requirements are naturally satis-
fied in the expression for stresses. To verify this feature, the closed-
form solutions presented in Eqs. (4.2) and (4.6) are evaluated at the7





























































































As demonstrated in Eq. (4.7), the transverse stresses at the bound-
aries can be expressed as a function of the longitudinal stress and the
gradients of 𝑎(𝑥) and 𝑏(𝑥); equivalent relations are proposed in related
research (Hodges et al., 2008, 2011; Balduzzi et al., 2016). Note that
the gradient of the boundary is squared for transverse direct stress,
implying that the magnitude of this stress component escalates more
abruptly for greater taper angles when compared to the shear stress.
An equivalent methodology to consider the boundary requirements
neglects the limits of integration of the geometric properties expressed
in Eqs. (3.3) and (3.6) and proceeds with an indefinite integration
whose constant terms should be determined by enforcing the equilib-
rium of stresses at the boundaries. Hence, the advantage of setting
the appropriate integration limits is to naturally satisfy the traction-
free boundary conditions, dismissing the necessity to invoke additional
relations.
4.2. Linearly tapered beams
Consider the linearly tapered beam of Fig. 6, with initial depth
𝐻0 and upper and lower taper angles 𝛼 and 𝛽, respectively. The
terminology of the other geometric properties is the same as presented
in Section 4.1.
The coefficients 𝑇 𝑗𝑖 of the shear stress given in Eq. (4.2) are obtained
as follows, with the addition of the subscript 𝐿 to emphasise the linear
taper
𝑇 2𝑁𝐿 = −
3
ℎ3




2?̄?𝛽 + (?̄? + 𝛽)2
)
𝑥 +𝐻0(?̄? + 2𝛽)
]
















𝑇 2(𝑉 +𝑚)𝐿 =
6
ℎ3
; 𝑇 1(𝑉 +𝑚)𝐿 = −
6
ℎ3












; 𝑇 1𝑀𝐿 = −
12
ℎ4
[(?̄?2 − 𝛽2)𝑥 +𝐻0(?̄? − 2𝛽)];
𝑀 0 =
6𝛽
[?̄?(?̄? − 𝛽)𝑥2 −𝐻 (2𝛽𝑥 +𝐻 )]
(4.8)𝐿 ℎ4 0 0
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.
Fig. 6. Geometry of a linearly asymmetric tapered beam.
where
̄ = tan(𝛼) ; 𝛽 = tan(𝛽)
The expressions for the coefficients 𝑆𝑗𝑖𝐿 of the transverse direct stress
of linearly tapered beams are given in Appendix B.
5. Numerical examples
In this section, we solve various practical examples to highlight
the differences between state-of-the-art solutions and our own. A set
of linearly tapered beam models under longitudinal and transverse
body forces are presented, followed by an arched beam subject to
a longitudinal body load, and a symmetrically tapered beam with a
concentrated force at the tip. The results are compared to relevant
analytical methods and Abaqus finite element analysis. Plots labelled
‘‘NJF’’ refer to the formulation currently developed, while those named
‘‘Merc’’ concern the stress profiles offered by Mercuri et al. (2020) and
‘‘FEA’’ the finite element analysis. Also, the distribution of stresses are
shown as a function of the isoparametric coordinate 𝜁 , where -1 refers
to the lower surface and +1 to the uppermost one.
The finite element analysis models were discretised as isotropic
homogeneous solids, with Young’s modulus 𝐸 = 210GPa, and Poisson’s
ratio of 𝜈 = 0.3. Elements used for the first two numerical examples,
i.e. the linearly asymmetric tapered and arched beams, were the 8-
node plane stress quadrilateral (CPS8R in Abaqus terminology), and the
20-node brick solid element (C3D20R in Abaqus) for the linearly sym-
metric tapered beam case. A mesh refinement was performed to ensure
the convergence of finite element analysis. Values for 𝜎𝑧𝑧 at a specific
location for each numerical example were compared for every mesh







was calculated between mesh configurations until 𝜖𝑖 < 0.02%, where
‘‘𝑖’’ refers to the 𝑖th mesh result, considering an increase of a minimum
of 1.5 of the number of elements between meshes. Furthermore, the
relative difference of every mesh result was evaluated with respect to
the developed model (𝜖𝑚𝑜𝑑 = (𝜎𝑁𝐽𝐹𝑧𝑧 − 𝜎
(𝑖)
𝑧𝑧)∕𝜎𝑁𝐽𝐹𝑧𝑧 ).
5.1. Linearly asymmetric tapered beam
Two shapes of linearly asymmetric tapered beam models are con-
sidered for this example. The width and length of the beam cases are
𝑤 = 1mm and 𝐿 = 10mm respectively, and the depth of the clamped
cross-section is 𝐻0 = 1mm while 𝐻𝑓 = 𝛾𝐻0 at the free end, where the
coefficient 𝛾 takes values defined in Table 1.
Results were obtained by using the coefficients shown in Eq. (4.8)
and in Appendix B for two different loading conditions: a longitudinal
and a vertical body force cases.
5.1.1. Longitudinal body force case
The longitudinal body force case is subject to a horizontal body
force of 𝐹𝑥 = 1N∕mm3, illustrated in Fig. 7, and represents a poten-
tial application of a non-prismatic beam under homogeneous thermal8
Fig. 7. Geometry and boundary conditions of the longitudinal body force case.
Table 1
Ratio 𝛾 of the first set of numerical models and their





Internal forces acting on the midspan cross-section of the longitudinal body force cases
𝛾(−) 𝑁(𝑥) 𝑀(𝑥) 𝑁 ′(𝑥)
(N) (Nmm) (N/mm)
0.25 2.1875 −0.1758 −0.625
0.75 4.0625 −0.1237 −0.875
Table 3
Mesh convergence of the finite element analysis of the longitudinal body force case.
𝛽 = 1.43◦ 𝛽 = 4.29◦
Number 𝜎𝑧𝑧(𝑥, 𝑏(𝑥)) 𝜖𝑖 𝜖𝑚𝑜𝑑 Number 𝜎𝑧𝑧(𝑥, 𝑏(𝑥)) 𝜖𝑖 𝜖𝑚𝑜𝑑
elements (kPa) (%) (%) elements (kPa) (%) (%)
900 2.31685 – 0.91 10,000 4.4701 – −0.66
3,400 2.30264 −0.617 0.29 15,500 4.4715 0.031 −0.63
14,000 2.29813 −0.196 0.1 28,056 4.4734 0.042 −0.59
22,000 2.29739 −0.032 0.06 62,000 4.4747 0.029 −0.56
38,686 2.29679 −0.026 0.04 250,375 4.4756 0.020 −0.54
87,000 2.29682 0.001 0.04 – – – –
effects or centrifugal loading in turbine fans or rotor blades (Filippi
et al., 2018; Thomas et al., 2020).
The external load 𝐹𝑥 is generalised through the cross-section accord-
ing to Eq. (2.2a), and the non-vanishing values of the internal forces
and their derivatives acting in the midspan are given in Table 2.
The upper and lower surfaces are defined as
{
𝑎(𝑥) = 𝐻0
𝑏(𝑥) = 𝑥𝐿 (1 − 𝛾)𝐻0
(5.1)
The average aspect ratio of the elements of the finite element
analysis was 1.08 for the beam shape with taper angle of 𝛽 = 1.43◦ and
1.41 for 𝛽 = 4.29◦. More information on mesh convergence is given in
Table 3. Note that the absolute discrepancy of NJF with respect to the
converged mesh was 0.04% for 𝛽 = 1.43◦ and 0.54% for 𝛽 = 4.29◦.
The results for 𝜎𝑥𝑥 are displayed in Fig. 8. All methods exhibit the
same output for the longitudinal stress, which supports using Navier’s
hypothesis for the longitudinal stress in non-prismatic beams with small
taper angles. Furthermore, the relative error of the longitudinal stress
at the lower boundary is 0.03% for 𝛽 = 1.43◦ and 0.53% for 𝛽 = 4.29◦.
It is worth noting that beam eccentricity causes the linear nature of the
longitudinal stress for this example. Thus, neglecting 𝑐′𝑧(𝑥) results in a
constant tensile stress through-beam height as it happens for prismatic
beam elements under axial forces.
The profiles of 𝜏𝑥𝑧 are depicted in Fig. 9. The analytical methods
of the current work and Mercuri et al. (2020) agree with FEA, with
negligible discrepancy of 0.02% for 𝛽 = 1.43◦ and 0.53% for 𝛽 = 4.29◦.























Fig. 8. 𝜎𝑥𝑥 for the longitudinal body force case: (a) for 𝛽 = 4.29◦; (b) for 𝛽 = 1.43◦.Fig. 9. 𝜏𝑥𝑧 for the longitudinal body force case: (a) for 𝛽 = 4.29◦; (b) for 𝛽 = 1.43◦.This result highlights the non-triviality of the shear stress field of non-
prismatic beams, suggesting that the shear stress is coupled with the
bending moment and longitudinal force as expected. As in prismatic
beams, the distribution of 𝜏𝑥𝑧 across beam depth is parabolic, noting
that the contributions of 𝜏𝑥𝑧 terms involving 𝑀(𝑥) and 𝑁(𝑥) are of
second-order with respect to the 𝑧-coordinate, as predicted in Eq. (3.2).
Moreover, the maximum magnitude of shear stress occurred at the
lower boundary, which contradicts the classic Jourawski’s formulation
for prismatic beams.
The results of 𝜎𝑧𝑧 are shown in Fig. 10, with a relative error at
the lower boundary of 0.04% for 𝛽 = 1.43◦ and 0.54% for 𝛽 =
.29◦. The NJF matches FEA, whereas Mercuri et al. (2020) deviates
ith error escalating with increasing taper angle. The source of the
iscrepancy of Mercuri et al. (2020) is shown in Fig. 10(c), which plots
he absolute difference between the analytical formulations ‘‘NJF’’ and
‘Merc’’, denoted as 𝛥𝜎𝑧𝑧, and the contribution of 𝑁 ′(𝑥) to the transverse
irect stress (𝑖 = 4 of Eq. (4.6)), a term not accounted in Mercuri
t al. (2020), against the isoparametric coordinate 𝜁 . The missing term
nvolving the first derivative of the generalised normal stress coincides
ith the respective Δ𝜎𝑧𝑧. Furthermore, the magnitude of the transverse
irect stress is relatively small when compared to the longitudinal
omponent at the boundaries, which can be checked by the relations
xpressed in Eq. (4.7), resulting in the ratios of 𝜎𝑥𝑥∕𝜎𝑧𝑧 = 177.78 and
𝑥𝑧∕𝜎𝑧𝑧 = 13.33 for 𝛽 = 4.29◦, and even greater rates for 𝛽 = 1.43◦
𝜎𝑥𝑥∕𝜎𝑧𝑧 = 1600 and 𝜏𝑥𝑧∕𝜎𝑧𝑧 = 40).
.1.2. Vertical body force case
The vertical (e.g. gravitational) body force case has the same bound-
ry conditions and geometry as the last example. The assumed body
orce, however, is in the negative 𝑧-direction 𝐹𝑧 = −1N∕mm3, as
llustrated in Fig. 11.
The external load 𝐹𝑧 is generalised through the cross-section ac-
ording to Eq. (2.2a), and the non-vanishing values of the internal
orces and their derivatives acting at the midspan are given in Table 4.
he finite element solution for this numerical example converged with
9,725 elements for 𝛽 = 4.29◦ and 154,628 for 𝛽 = 1.43◦.9
Table 4
Internal forces acting on the midspan cross-section of the vertical body
force cases.
𝛾(−) 𝑉 (𝑥) 𝑀(𝑥) 𝑉 ′(𝑥)
(N) (Nmm) (N/mm)
0.25 −2.1875 −4.6875 0.625
0.75 −4.0625 −9.8958 0.875
Table 5
Mesh convergence of the finite element analysis of the vertical body force case.
𝛽 = 1.43◦ 𝛽 = 4.29◦
Number 𝜎𝑧𝑧(𝑥, 𝑏(𝑥)) 𝜖𝑖 𝜖𝑚𝑜𝑑 Number 𝜎𝑧𝑧(𝑥, 𝑏(𝑥)) 𝜖𝑖 𝜖𝑚𝑜𝑑
elements (kPa) (%) (%) elements (kPa) (%) (%)
3,400 −48.4321 – −0.08 7,000 −406.136 – 0.28
14,000 −48.5179 0.177 0.10 16,864 −405.917 −0.054 0.23
87,000 −48.5470 0.060 0.15 29,725 −405.882 −0.009 0.22
154,628 −48.5484 0.003 0.16 – – – –
The average aspect ratio of the elements of the finite element
analysis was 1.08 for the beam shape with taper angle of 𝛽 = 1.43◦ and
1.13 for 𝛽 = 4.29◦. More information on mesh convergence is given in
Table 5. Note that the absolute discrepancy of NJF with respect to the
converged mesh was 0.16% for 𝛽 = 1.43◦ and 0.22% for 𝛽 = 4.29◦.
The 𝜎𝑥𝑥 results shown in Fig. 12 suggest that all methods are in
good agreement, following Navier’s formula of Eq. (2.4), with the
discrepancy with respect to the finite element analysis of 0.17% for
𝛽 = 1.43◦ and 0.20% for 𝛽 = 4.29◦.
Results for 𝜏𝑥𝑧 are depicted in Fig. 13, with the outputs of the
NJF and Mercuri et al. (2020) formulations matching the parabolic
distribution of FEA. For the case of 𝛽 = 1.43◦, the shear stress profile is
similar to the Jourawski’s formulation prediction, with the maximum
absolute magnitude closer to the centroid (𝜁 ≈ −0.09), and discrepancy
of 0.17% with respect to the finite element analysis. Still, the boundary
equilibrium requires the shear stress to be different from zero (𝜏𝑥𝑧 =
−1.942MPa at 𝜁 = −1). Conversely, the shear stress distribution for the
European Journal of Mechanics / A Solids 90 (2021) 104284M.M.S. Vilar et al.Fig. 10. 𝜎𝑧𝑧 for the longitudinal body force case: (a) for 𝛽 = 4.29◦; (b) for 𝛽 = 1.43◦; (c) absolute difference Δ𝜎𝑧𝑧 between NFJ and Merc.Fig. 11. Geometry and boundary conditions of the vertical body force case.
case of 𝛽 = 4.29◦ notably diverges from Jourawski’s formulation, with
the maximum magnitude at the lower boundary (𝜏𝑥𝑧 = −5.411MPa at
𝜁 = −1) presenting a relative error to finite element analysis of 0.21%.
Fig. 14 depicts the results of 𝜎𝑧𝑧. The current formulation matches
FEA, whereas Mercuri et al. (2020) predicts 𝜎𝑧𝑧 well at the bound-
aries and centroid, but greater discrepancy values at approximately
𝜁 = ±0.557. This behaviour is expected because Mercuri et al. (2020)
formulation does not account for the contribution of 𝑉 ′(𝑥) to the
transverse direct stress, term required for a prismatic beam geometry.
Thus, the smaller the taper angle, the more the beam element converges
to the prismatic solution, leading to a greater error of the formulation
presented in Mercuri et al. (2020). To better visualise the contrast
between NJF and Mercuri et al. (2020), Fig. 14(c) illustrates the dif-
ferences between both theories. The ordinate axis Δ𝜎𝑧𝑧 represents the
absolute difference between the analytical methods, and 𝑆𝑉 ′ is the
contribution of the term involving 𝑉 ′(𝑥) of the transverse direct stress
(𝑖 = 5 in Eq. (4.6)). The overlaps of Δ𝜎𝑧𝑧 and 𝑆𝑉 ′ are clear, suggesting
that the source of the difference between the analytical models lies
in the absence of the 𝑉 ′(𝑥) term in reference Mercuri et al. (2020)
formulation. Hence, the discrepancy between analytical models should
be larger for smaller taper angles. Furthermore, the discrepancy of the
current method with respect to the finite element analysis is of 0.16%
for 𝛽 = 1.43◦ and 0.22% for 𝛽 = 4.29◦.10The ratios between the magnitude of stress components at the
boundaries are the same as the last numerical example since this
relation is a function of 𝑏′(𝑥). However, at the location of maximum 𝜎𝑧𝑧
for the case of 𝛽 = 1.43◦ (𝜁 = 0.152), the ratio between longitudinal and
direct transverse stress components drops significantly (𝜎𝑥𝑥∕𝜎𝑧𝑧 = 71).
This circumstance occurs due to the low magnitude of the longitudinal
stress in the neutral axis’s vicinity. Nevertheless, the transverse direct
stress is still irrelevant for this current example, since the critical
regions for isotropic beams under bending are potentially located at
the boundaries.
5.2. Arched beam
In this section, the results for the arched beam case are presented.
This numerical example considers an arched cantilever beam subject to
the longitudinal body force 𝐹𝑥 = 1N∕mm3. The length and width of the
beam are 𝐿 = 10mm and 𝑤 = 1mm, respectively, while the depth of the
clamped and free ends are 𝐻0 = 𝐻𝑓 = 1mm, as illustrated in Fig. 15.
The coefficients necessary to define the shear stress of the arched
beam example are given in Eq. (4.4), and in Appendix A. The upper
surface is flat while the lower is a parabola defined by Eq. (5.2), with
peak value 𝛥 = 0.9mm at the midsection, resulting in the following
functions for upper and lower surfaces, considering the reference is
fixed at the intersection of 𝑏(𝑥) and the fixed end
{
𝑎(𝑥) = 𝐻0
𝑏(𝑥) = −0.036𝑥2 + 0.36𝑥
(5.2)
The maximum taper angle of the arched beam numerical example
is 19.8◦, evaluated at the beam ends, and the selected cross-section
to compare the results is located at 𝑥 = 0.75𝐿, whose taper angle is
𝛽 = 9.23◦ . Moreover, the load 𝐹𝑥 is generalised through the cross-
section according to Eq. (2.2a), and the non-vanishing values of the
internal forces and their derivatives acting on the chosen cross-section
are given in Table 6
To model the arched beam case in finite element analysis, a sweep
path was defined from the uppermost boundary towards the lower. The
spline feature in Abaqus with 201 points was used to design the lower
European Journal of Mechanics / A Solids 90 (2021) 104284M.M.S. Vilar et al.Fig. 12. 𝜎𝑥𝑥 for the vertical body force case: (a) for 𝛽 = 4.29◦ and (b) for 𝛽 = 1.43◦.Fig. 13. 𝜏𝑥𝑧 for the vertical body force case: (a) 𝛽 = 4.29◦ and (b) for 𝛽 = 1.43◦.Fig. 14. 𝜎𝑧𝑧 for the vertical body force case: (a) for 𝛽 = 4.29◦; (b) for 𝛽 = 1.43◦; (c) absolute difference Δ𝜎𝑧𝑧 between NFJ and Merc.surface. Furthermore, mesh partitions were created along the beam
domain to control mesh quality. Values for average element aspect
ratios of each mesh configuration are given in Table 7.
Fig. 16 depicts the results of the arched beam case. All stress
components of the analytical formulations converged to their respective
FEA solution, with the maximum discrepancy observed at the lower
boundary reaching 4.24% for 𝜎𝑥𝑥, 4.25% for 𝜏𝑥𝑧 and 4.29% for 𝜎𝑧𝑧. The
source of this error is due to the inaccuracy of Navier’s hypothesis to de-
scribe 𝜎 . As the FEA solution suggests, the longitudinal stress profile11
𝑥𝑥Table 6
Internal forces acting on 𝑥 = 0.75𝐿 of the arched beam example.
𝑁(𝑥) 𝑀(𝑥) 𝑁 ′(𝑥)
(N) (Nmm) (N/mm)
1.5625 0.2822 −0.325
is not strictly linear through-beam depth. Yet, the divergence between
models is insignificant overall. Furthermore, the shear stress prediction
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Mesh convergence of the finite element analysis of the arched beam example.
Number Av. aspect 𝜎𝑧𝑧(𝑥, 𝑏(𝑥)) 𝜖𝑖 𝜖𝑚𝑜𝑑
elements ratio (kPa) (%) (%)
790 1.41 615.118 – −8.89
2,128 1.32 633.843 2.954 −6.12
7,665 1.25 642.845 1.400 −4.78
14,040 1.22 644.429 0.246 −4.55
24,725 1.11 645.154 0.112 −4.44
34,080 1.13 645.691 0.083 −4.36
60,600 1.13 646.050 0.056 −4.31
96,250 1.13 646.160 0.017 −4.29
Fig. 15. Geometry and boundary conditions of the arched beam numerical example.
is different from that predicted in the Jourawski’s formulation, with
the maximum absolute shear stress at the lower boundary (𝜏𝑥𝑧 =
−3.75MPa) successfully captured by both analytical formulations.
There is a slight discrepancy in 𝜎𝑧𝑧 between NJF and Mercuri et al.
(2020) solutions due to the contribution of 𝑁 ′(𝑥), whose effect is
considered only in the current work. Fig. 16(d) depicts the absolute
difference between the analytical methodologies against the contribu-
tion of 𝑁 ′(𝑥) to the transverse direct stress (𝑖 = 4 of Eq. (4.6)). It
is possible to conclude that the difference between models exhibits
the same pattern as the previous example (Fig. 10(c)). However, this
divergence is negligible due to the lower contribution of the 𝑁 ′(𝑥)
when compared to 𝑁(𝑥) and 𝑀(𝑥) for this particular model.
To give insight on the relevance in considering the transverse direct
stress for practical design, the state of stress at the lower boundary
(𝑧 = 𝑏(𝑥)) is further analysed, as illustrated in Figs. 17(a) and (b).
Results show that the longitudinal stress field varies parabolically along
𝑏(𝑥) with peak value 𝜎𝑥𝑥 = 308MPa at the mid-section. In turn, the shear
stress is a cubic function of the 𝑥-coordinate over the lower surface,
with roots at the beam ends and mid-section, and peak values of 𝜏𝑥𝑧 =
11.54MPa (𝑥∕𝐿 = 0.41) and 𝜏𝑥𝑧 = −11.48MPa (𝑥∕𝐿 = 0.59). Finally,
the transverse direct stress, illustrated in more details in Fig. 17(b),
varies from roughly 0 to 1MPa according to a fourth-order function
of the 𝑥-coordinate, with peak values 𝜎𝑧𝑧 = 0.984MPa (𝑥∕𝐿 = 0.35) and
𝜎𝑧𝑧 = 0.979MPa (𝑥∕𝐿 = 0.64), and vanishing value at the mid-section.
For this specific numerical example, the critical cross-section for failure
criteria is potentially the mid-section, where the state of stress is more
severe. Furthermore, the model developed here converges well with the
finite element analysis, with higher discrepancy of results at the fixed
end.
One may anticipate and conclude from analysis of Fig. 17(a) that
the magnitude of the 𝜎𝑧𝑧 is negligible. Although, the ratio between 𝜎𝑧𝑧
and the other stress components at 𝑧 = 𝑏(𝑥), depicted in Fig. 17(c),
are relatively higher than in the former numerical examples. More pre-
cisely, the ratio 𝜎𝑧𝑧∕𝜎𝑥𝑥 varies parabolically along the lower boundary,
with a maximum absolute value of 0.13 at the fixed end (singularity at
𝑥 = 𝐿 due to 𝜎𝑧𝑧 = 0). For the ratio with respect to the shear stress, the
same comparison results in a linear variation, with a maximum absolute
value of 𝜎𝑧𝑧∕𝜏𝑥𝑧 = 0.36, also at the fixed end (singularities at 𝑥 = 0.5𝐿
and 𝑥 = 𝐿 due to 𝜏𝑥𝑧 = 0).
As such, neglecting the transverse direct stress results in greater
inaccuracy in evaluating principal stresses and maximum shear stress12Table 8
Internal forces acting on the midsection of the linearly





Mesh convergence of the finite element analysis of the linearly symmetric tapered beam
example.
Number Av. aspect 𝜎𝑧𝑧(𝑥, 𝑏(𝑥)) 𝜖𝑖 𝜖𝑚𝑜𝑑
elements ratio (Pa) (%) (%)
6,720 1.29 67.9314 – 1.90
30,000 1.19 67.271 −0.982 0.91
68,544 1.28 66.999 −0.404 0.50
112,240 1.24 66.9553 −0.067 0.43
168,980 1.23 66.8744 −0.121 0.31
226,000 1.23 66.8138 −0.091 0.22
398,304 1.21 66.8222 0.013 0.23
in the neighborhood of 𝑏(𝑥) for cross-sections closer to the beam ends.
Fig. 18(a) shows the prediction of the maximum shear stress 𝜏𝑚 evalu-
ated at the lower boundary for three different cases: a) considering the
transverse direct stress (plot 𝜏𝑁𝐽𝐹𝑚 ); b) neglecting the 𝜎𝑧𝑧 component
(plot 𝜏0𝑚); c) finite element analysis solution (𝜏𝐹𝐸𝐴𝑚 ). Although 𝜏0𝑚 shows
reasonable convergence when compared to the other models, Fig. 18(b)
evaluates the discrepancy 𝜖𝜏 = (𝜏𝑁𝐽𝐹𝑚 − 𝜏0𝑚)∕(𝜏𝑁𝐽𝐹𝑚 ), suggesting that
the divergence of 𝜏0𝑚 varies parabolically through the lower boundary,
with maximum values of 𝜖𝜏 = 9.08% at the fixed end (singularity at
𝑥∕𝐿 = 1 already explained) and vanish value at the mid-section. No
relevant discrepancy was observed for the principal stresses (less than
1.5%). Consequently, the transverse direct stress component should be
accounted for stress analyses of cross-sections closer to the beam ends
for this particular numerical example. Hence, engineers are advised
to investigate if 𝜎𝑧𝑧 is relevant for designing purposes for each non-
prismatic beam model, especially for those with a moderate taper
angle.
5.3. Linearly symmetric tapered beam
A symmetric tapered beam with rectangular cross-section is mod-
elled in this section. The beam of length 𝐿 = 10m and constant width
𝑤 = 0.5m is subject to a concentrated load in the 𝑧-direction 𝐹𝑧 = 1 kN
at the beam tip, as illustrated in Fig. 19. The height varies linearly
through the beam span with values of 𝐻0 = 1m at the fixed end and
𝐻𝑓 = 0.5m at the free one. Note that due to symmetry the beam
centreline coincides to the 𝑥-axis, thus 𝑐𝑧(𝑥) = 0.
It is assumed that the concentrated load 𝐹𝑧 is uniformly distributed
through the cross-section such that the non-vanishing values of internal
forces acting on 𝑥 = 0.50𝐿, are given in Table 8
Details for mesh convergence are presented in Table 9. To compare
results, a path in the 𝑧-direction crossing the centroid at the midsection
is considered, starting from the lower surface to the uppermost one,
where the taper angles are 𝛽 = −𝛼 = 1.43◦, with the value of 𝜎𝑧𝑧 at the
bottom surface chosen for the mesh convergence analysis.
Fig. 20(a) depicts the longitudinal stress distribution, which follows
Navier’s linear hypothesis as expected, resulting in a discrepancy of
0.11% between the analytical methods and the FEA result evaluated
at both boundaries.
According to the FEA result, the shear stress distribution is shown
in Fig. 20(b) is a higher-degree polynomial, but both analytical theories
could only capture the average magnitude of 𝜏𝑥𝑧. Similar trends re-
garding this discrepancy between analytical models and finite element
analysis are also discussed in Taglialegne (2018). This divergence is
due to considerations of 3-dimensional compatibility equations of the
European Journal of Mechanics / A Solids 90 (2021) 104284M.M.S. Vilar et al.Fig. 16. Results of the arched beam example: (a) for 𝜎𝑥𝑥; (b) for 𝜏𝑥𝑧; (c) for 𝜎𝑧𝑧; (d) absolute difference Δ𝜎𝑧𝑧 between NFJ and Merc.Fig. 17. Analyses on the lower boundary over beam span: (a) State of stress; (b) Transverse direct stress; (c) Ratio between stresses.solid-like finite element model, whereas the analytical formulations dis-
regard deformations analysis. Nevertheless, this inaccuracy is negligible
for this specific example, with the maximum discrepancy of 0.12% at
the boundaries.
The transverse direct stress component results are shown in
Fig. 20(c). Notably, all methodologies converged to the same outcome.
As discussed in Section 3.2, the improvement of the expression for 𝜎13
𝑧𝑧of the current formulation resides in the derivatives of the internal
forces, which are null in this case. Hence the perfect match of both an-
alytical formulations. Moreover, the transverse direct stress magnitude
is smaller compared to the other stress components (𝜎𝑥𝑥∕𝜎𝑧𝑧 = 1600
and 𝜏𝑥𝑧∕𝜎𝑧𝑧 = 40 at 𝜁 ± 1), suggesting that 𝜎𝑧𝑧 is insignificant for this
particular application.
European Journal of Mechanics / A Solids 90 (2021) 104284M.M.S. Vilar et al.Fig. 18. Analyses of the neglect of the transverse direct stress at the lower boundary (𝑧 = 𝑏(𝑥)): (a) Maximum shear stress 𝜏𝑚; (b) Discrepancy of the neglect of 𝜎𝑧𝑧 concerning
maximum shear stress.Fig. 19. Geometry and boundary conditions of the linearly symmetric tapered beam
numerical example.
6. Conclusion
The stress fields of isotropic homogeneous, untwisted generally
asymmetric, non-prismatic beams have been derived. A state of plane
stress with Navier’s hypothesis is assumed for the longitudinal stress
coupled with linearly elastic material properties and small strains, and
known internal forces. The novelty of this work includes:
1. Recovery of the 2D stress field of non-prismatic beams account-
ing for smooth and continuous taper shape and arbitrary loading
conditions;
2. Derivation of the transverse direct stress component for non-
prismatic beams consistent with Cauchy-stress equilibrium con-
siderations;
3. Closed-form solutions for stresses in non-prismatic beams with
rectangular cross-section and tapered in the height direction;
4. Reduction of the closed-form solution to linearly asymmetric
tapered beams.
The numerical examples in Section 5 confirm the validity of the pro-
posed stress field for different test cases. The first set of models concerns
the application of closed-form solutions for stress fields of asymmetric
cantilever linearly tapered beams with rectangular cross-section. The
beam models are subject to two load cases: a longitudinal and a vertical
body force applied throughout the beam span. The results for this14first example validate the proposed formulation herein developed for
non-prismatic beams with a linear variation of the cross-section.
The closed-form solution for stresses in non-prismatic beams with
a generally asymmetric shape is applied to a cantilever arch with
rectangular cross-sections under a longitudinal body force, with the
results of the proposed analytical solution matching closely with FEA.
Furthermore, it is observed that the magnitude of the transverse direct
stress is negligible for relatively small taper angles. However, it could
be significant for beams with moderate taper angles, as the transverse
direct stress escalates with the square of the gradient of the beam
surface at the upper and lower surfaces. Thus, engineers are advised
to analyse the effect of the transverse direct stress component for each
specific application. The last numerical example considered is a linearly
symmetric tapered beam subject to a concentrated load, and results
show good agreement between the current methodology and 3D finite
element analysis.
The current work provides a consistent methodology for accurately
determining the complete 2D stress field in practical engineering prob-
lems. For instance: tapered beam elements subject to self-weight or
thermal loading; rotor blades under centrifugal inertia forces; wing
spars during aeroplane manoeuvres, and beam models subject to body
forces. Potential further developments involve extending this study to
different materials such as composites, anisotropic, functionally graded
materials, or thin-walled beams, developing a methodology for cases
that internal forces are unknown variables, and for cases where the
plane stress condition is relaxed.
Declaration of competing interest
The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.
Acknowledgement
The authors would like to thank Science Foundation Ireland (SFI)
for funding Spatially and Temporally VARIable COMPosite Structures
(VARICOMP) Grant No. (15/RP/2773) under its Research Professor
programme.
Appendix A
The coefficients required to describe the transverse direct stress
𝜎 of general non-prismatic beams with rectangular cross-section,𝑧𝑧
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Fig. 20. Results of the linearly symmetric tapered beam example: (a) for 𝜎𝑥𝑥; (b) for 𝜏𝑥𝑧; (c) for 𝜎𝑧𝑧.F







































































































































For 𝛤𝑖 = (𝑉 + 𝑚)






























𝑆0 = 12 𝑎𝑏
[ d𝑎 𝑏 − 𝑎 d𝑏
]
(A.2)15




















































































































































































































The coefficients required to describe the transverse direct stress 𝜎𝑧𝑧
of linearly tapered beams with rectangular cross-section, expressed in
Eq. (4.6), are defined in this appendix. For the sake of simplicity, the
following notation is used
̄ = tan(𝛼) ; 𝛽 = tan(𝛽)
where 𝛼 and 𝛽 are the taper angles of the top and lower surfaces



















































𝛽2[(?̄? − 𝛽)𝑥 −𝐻0];
(B.1)
or 𝛤𝑖 = (𝑉 + 𝑚)




𝑆2(𝑉 +𝑚)𝐿 = −
6
ℎ4
[((?̄? − 𝛽)𝑥 +𝐻0)(?̄? + 𝛽) − 3((?̄? + 𝛽)𝑥 +𝐻0)(?̄? − 𝛽)];
𝑆1(𝑉 +𝑚)𝐿 = −
36
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𝑆0 = 1 𝛽2
[
2?̄?2𝑥3 + 3?̄?𝐻 𝑥2 +𝐻2𝑥
]
(B.4)16
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